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Abstract 

In this paper, we employ a nonlocal Q-curvature flow inspired by Gursky-Malchiodi’s 
work [14] to solve the prescribed Q-curvature problem on a class of closed manifolds: For 
n > 5, let (M”,5 o) be a smooth closed manifold, which is not conformally diffeomor- 
phic to the standard sphere, satisfying either Gursky-Malchiodi’s semipositivity hypothe¬ 
ses: scalar curvature Rg^ > 0 and Qg^ > 0 not identically zero or Hang-Yang’s: Yamabe 
constant Y(go) > 0, Paneitz-Sobolev constant q{go) > 0 and Qg^ > 0 not identically zero. 

Let / be a smooth positive function on M” and xq be some maximum point of /. Suppose 
either (a) n = 5, 6, 7 or (M"', go) is locally conformally flat; or (b) n > 8, Weyl tensor at 
xq is nonzero. In addition, assume all partial derivatives of / vanish at xq up to order n — 4, 
then there exists a conformal metric g of go with its Q-curvature Qg equal to /. This result 
generalizes Escobar-Schoen’s work [Invent. Math. 1986] on prescribed scalar curvature 
problem on any locally conformally flat manifolds of positive scalar curvature. 
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1 Introduction 


Let be a smooth Riemannian manifold of dimension n > 3, and Rg,RiCg be the 

scalar curvature, Ricci curvature of the metrie g, respectively. The following conformally co¬ 
variant operator of order four and Q-eurvature on (M”^, g) are first diseovered by S. Paneitz [24] 
in dimension four. Subsequently, in dimension n > 3 and n 7^ 4, they are reeognized by T. 
Branson [3] and Fefferman-Graham [13], concretely. 


n = A. 


^ S[{anRgg + 6nRiCg)d] + 
(n — 2)^ + 4 


n 


with a„ = 


2(n- l)(n- 2 ) 


2 

b„ = 


'Qgi 


n 


2 ’ 


( 1 . 1 ) 


where 5 is the divergent operator, d is the exterior derivative operator and the Q-curvature Qg 
of metric g is defined by 

^ 1 A n — 4n^ + 16n — 16 2 

Qa = -;-r^o-Ro H-;-RiCo • 

2 (n-l) ^ ^ 8 (n-l) 2 (n- 2)2 » (n - 2 )^' 

4 

Under conformal change g = g for n ^ 4, there holds 


n+4 

Pg{(pu) = U--^Pg{cp) 


( 1 . 2 ) 


for all ip G 

Analogous to the Yamabe problem and the preseribed scalar curvature problem, the pre¬ 
scribed Q-curvature problem on elosed manifolds involving the fourth order eonformally eo- 
variant operator can be proposed as follows: Give a smooth funetion / defined on a elosed 

4 

manifold (M"^, go) with n > 5, can one find a conformal metric g = u^-'^go, u > 0 such that 
the Q-curvature of the metric g is equal to /? The prescribed Q-curvature problem on (M"^, go) 
with n > 5 is reduced to the solvability of the equation 

Rgoi'^) = —2 —u > 0 on M”, (1.3) 

where Pg^ is fourth-order eonformally eovariant operator on (M"',go) defined by (1.1). Very 
reeently, some remarkable progresses have been made in the constant Q-curvature problem 
on closed manifolds after Chang-Yang’s pioneering work [7]. For the existence of eonformal 
metric to the constant Q-curvature problem, in which / is a positive constant, under the assump¬ 
tions that (a) Qg^ > 0 and positive somewhere; (b) the sealar curvature Rg^ > 0, an affirmative 
answer is recently provided by Gursky-Malchiodi in [14] adopting a nonlocal flow approach. 
Especially, a strong maximum principle for Paneitz operator was first established in their paper. 
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Later, Hang-Yang in their reeent works [15, 16, 17] relaxed the positivity of sealar eurvature 
RgQ in Gursky-Malehiodi’s assumptions to the Yamabe eonstant Y(go) > 0 and the Paneitz- 
Sobolev eonstant ^( 5 ^ 0 ) > 0, and used variational method to solve the eonstant Q-eurvature 
problem on a elass of elosed manifolds of dimensions other than four. For more baekground on 
the Q-eurvature problem, one may refer to [7, 10, 14, 20] and the referenees therein. 

For more than one deeade, eonformal geometrie flows have played important roles in pre- 
seribed eurvature problems in eonformal geometry and have beeome very powerful tools in 
sueh problems eomparing with the elassieal variational methods. In 2003, S. Brendle initiated 
a negative gradient flow approaeh in [6] to deal with the preseribed Q-eurvature problem with 
eritieal exponential exponent on a elosed Riemmanian manifold (M"^, go). Not long after Bren- 
dle’s work, M. Struwe adopted this approaeh in [26] to study the Nirenberg problem, namely the 
preseribed Gauss eurvature problem. Then Malehiodi and Struwe applied this approaeh to the 
preseribed Q-eurvature problem on in [23], where they made some further developments in 
Morse theory part. Reeently, the author and X. Xu in [9] adopted this method to the perturbation 
result for the preseribed sealar eurvature problem on S'" with n > 3. However, to the author’s 
knowledge, in the present stage, the presenee of only one simple bubble in blow-up analysis 
is erueial to all the above mentioned works. The elosely related topies to the above eonformal 
geometrie flows are the Yamabe flow [4, 5] and the fraetional Yamabe flow [21]. Unfortunately, 
there still exist some teehnieal diffleulties to show the long time existenee of positive solutions 
of sueh eonformal geometrie flows of higher order, even though sueh a strong maximum prin- 
eiple (e.g. for Paneitz operator in some speeial elass of elosed manifolds) has been established. 
After Baird-Fardoun-Regbaoui’s work [2] and Gursky-Malehiodi’s [14] emerged, the nonloeal 
flow eomes into play and has shown its power in sueh preseribed eurvature problems. 

We are now in position to state our main theorem. 

Theorem 1.1. Let {M^,go) be a smooth closed manifold of dimension n > 5 and not 
conformally diffeomorphic to the standard sphere S'". Let f be a smooth positive function on 
M" and Xq be a maximum point of f. In the case of either (a) n = 5,6,7 or (M", go) is locally 
conformally fiat, or (b) n > 8, Weyl tensor at xq is nonzero, suppose either Rg^ >6,Qg,>6 
not identically zero or the Yamabe constant Y {go) > 0, the Paneitz-Sobolev constant q{gQ) > 0, 
Qga > 0 not identically zero. In addition, assume 

Vgo/(xo) = 0/or 1 < / < n - 4. (1.4) 

Then there exists a conformal metric g of gQ with its Qg-curvature equal to f. 

Remark 1.1. Theorem 1.1 is a generalization of Theorem 2.1 in Escobar-Schoen’s work 
[11] on prescribed scalar curvature problem for any locally conformally flat manifold of di¬ 
mension at least three, which is not conformally diffeomorphic to the standard sphere. 

Remark 1.2. One case left open in Theorem 1.1 is that (M", gif) with n > 8 is not locally 
conformally fiat and Weyl tensor is zero at any maximum point of f, due to the lack of Positive 
Mass Theorem for Paneitz operator, which is an obstruction in the construction of initial data 
of the nonlocal Q-curvature flow in this case. 

The vanishing order eondition (1.4) on / at some maximum point is used to eonstruet some 
positive initial data of the nonloeal Q-eurvature flow satisfying either semi-positivity hypotheses 
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(2.1) or (2.2) below together with some restrietions on energy bounds. In dimension five, the 
eondition (1.4) is automatieally satisfied. 

In seetion 2, we introduee a nonloeal Q-eurvature flow whieh is a negative gradient flow 
of Ef[u] in some suitable Hilbert spaee, and a detailed proof for short time existenee of the 
flow is available. In seetion 3, we show the positivity of u{t, •) for any time f > 0, as well 
as some elementary estimates involving Ef[u] and a{t) ete. In seetion 4, the global existenee 
of the nonloeal flow for some speeial elass of initial data is presented. In seetion 5, we show 
the asymptotie eonvergenee of UtPggUtdfj,gg and the positivities of Q-eurvature, as well as 
of the sealar eurvature under hypotheses (2.1) for time f > 0. Reminiseing about Aubin and 
Sehoen’s diehotomy on the Yamabe problem, in either (a) n = 5, 6, 7 or (M"^, go) is loeally 
eonformally flat, or (b) n > 8, Weyl tensor at some maximum point of / is nonzero eases, in 
seetion 6, we eonstruet initial data satisfying either (2.1) or (2.2), as well as some restrietions on 
initial energy bounds. Finally, in seetion 7, we establish sequential eonvergenee of the nonloeal 
flow meanwhile eompleting the proof of Theorem 1.1. 
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2 A non-local Q-curvature flow 

Throughout this paper, suppose (M”, go) is a smooth elosed manifold of dimension n > 5, 
satisfying either Gursky-Malehiodi’s semipositivity hypotheses: 

sealar eurvature Rg^ > 0, Qgo > 0 and Qg^ > 0 somewhere; (2.1) 


or Hang-Yang’s: 

Yamabe eonstant Y{go) > 0,q{go) > 0 and Qg^ > 0 is not identieally zero. (2.2) 

Under the above assumption (2.1), a strong maximum prineiple for Paneitz operator Pg^ 
in [14] plays an important role in the existenee of eonstant Q-eurvature problem on elosed 
manifolds. Define a Paneitz-Sobolev eonstant by 

q(m) = := inf | , 90 ) \ {0} 

whieh is independent of the seleetion of the metrie in the eonformal elass of go- The Paneitz- 
Sobolev eonstant enjoys an analogous property of Yamabe eonstant proved by T. Aubin [1]: 

Lemma 2.1. On a closed Riemannian manifold (M”, go) of dimension n > 8, suppose there 
exists p G M"' such that the Weyl tensor Wgg{p) 0, then q{go) < q{S"‘). 



One may refer to the author’s unpublished note [8] or the proeess of the proof in [12] Theo¬ 
rem 1.1 for a detailed proof of Lemma 2.1. 

Later, Hang and Yang (ef. [16,17]) relaxed the above hypotheses (2.1) to weaker ones (2.2), 
sueh a strong maximum prineiple still holds true. Both eonditions (2.1) and (2.2) derive that 
kerP^Q = 0. However, up to now, it is not elear of the eoereivity of Paneitz operator or q{gQ) > 0 
ean follow from Y(fifo) > 0, Qgo > 0 not identieally zero whether or not. 

Notiee that under the Gursky-Malehiodi’s hypotheses (2.1), it follows from Proposition 2.3 
in [14] that is eoereive and q{go) is positive. Then, under either the hypotheses (2.1) or 
(2.2), we elaim that the norm 


Pgo'v)% = 


I 


vPg^vdjjgA , for V e H (M”,^o) 


and ||u||// 2 (A^n gg) are equivalent. Indeed, by the positivity of Paneitz-Sobolev eonstant q{go) 
and Holder’s inequality, there holds 


/ 2, ^ UMn P( f . VOl(M’^,C/o)^ 

/ V d/jg^ <\ol{M ,go)^[ / vr^-^^dfigj < 


dido) 

From the interpolation Sobolev inequality, given 0 < e < 1, one has 


VPg^Vd/lg^. 


'M” 


Ago^rd/Zgo = / VPg^Vdfig^ + ( / \ A g^V\‘^ d fi gg - / VPg^VdfigA 

J ^ J J M" ' 

< / VPg^Vdfig^+e \Ag^V\‘^dfIgo+C^ 

Jm" Jm^ 

Putting the above faets together, one has 


/ |Ago'^l ^dgo — 1 / go'^'^H'go 

IM" ^ J M" 


vPg^vdgigf^ + Ce / v^dg, 


go 


I 


< C 


vPggVdgg^, 


I 


whieh yields 


<C vPg^vdgg^. 


'M" 


On the other hand, it is easy to verify the inverted direetion of the above inequality. 

Let / be a smooth positive funetion defined on M”. Motivated by Baird-Fardoun-Regbaoui 
[2] and Gursky-Malehiodi [14], we extend their ideas to introduee a nonloeal Q-eurvature flow: 


n+4 


= -^ + !i^p-i(a/|M|n-4) for (x,f) e X [0,T); 


dt 


u(0,x) = Wo e 

eoupled with the eonstraint funetion of time t: 

2 Jm^ 'i^Pgo'^dggg 


(2.3) 


a{t) = 




(2.4) 
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Remark 2.1. From [14] Proposition 2.4 or [16] Lemma 3.2, there exists a Green’s function 
Ggg{p, •) of the Paneitz operator Pg^ with pole at p E M", such that Gg^i^p, •) > 0 in M” \ 
{p}. Thus, given a function f G the operator of P~^ (f) can be interpreted as the 

convolution between the Green’s function Ggg{p, •) of Pg^ and the function f, in other words. 
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Remark 2.2. Under conformal change of metrics g = qq, using the conformal covari¬ 
ance (1.2) of the Paneitz operator Pg, we find that its inverse Pf^ is conformally covariant: 




due to the simple fact thatW'f G 




2.1 Short time existence 

This subsection is devoted to the study of the short time existence to the flow problem (2.3). 

Lemma 2.2. There exists a unique solution in to the flow problem 

(2.3) for any 0 < A < 1 and 0 < T < oo. 

Proof. It is sufficient to show the short time existence of the following modified flow problem 



u+^Pf^^{f\u\n-^) for (x,s) G X [0,T); 


(2.5) 


Indeed, the modified flow problem (2.5) differs from the original one (2.3) by scalings in time 
and functions. Set 



where 



By using the expressions of a(t) and p(t) to get 


a(t) = p(t)e 



we conclude that if the short time existence of the above modified flow problem (2.5) is estab¬ 
lished, so is the flow problem (2.3). 



7 


Next we manage to establish the short time existenee to (2.5) by the contraction mapping 
principle. For simplicity we still use u instead of u and time variable t instead of s. Let 
X = T]; for some A G (0,1). For any fixed A > 0, define 

:= {v e X]v{0,x) = Uo, ||u - UolU < A} 


where uq G and put the distance on Xs by 

p{v, w) := ||u — w\\x for v,w E Xs- 

It is not hard to verify that the space (X 5 , p) is a complete metric space. Define a map L : Xs ^ 

Xhy 


L{u){t,x) = Uq{x) — / u{T,x)dT + 


n — 4 


n+4 


-Pgn {.fH'^-^){,T,x)dT. 


Recall that, from the Schauder estimates of elliptic equations, there holds 




where C depends only on n, A. Then one has 


and then 


n+4 


|F„„^(/|M|"-4)(t)||c4,A(M- 


90 


n 4 

< C\\{f\u\^-*){t)\\cX(M^) 

< C||M(f)||;)o(V-)hWllc>(M"), 


||L(m)(-, t) — 'Uo(‘)IIc4.a(M") 

< T\\u{t)\\x + C f ||M(r)||;)o(V-)h(^)llcA(M")c(r 

0 

n+4 

< CT{\\u\\x + \\u\\]r^) 

n^F4 

< Cr(l + (5 + ||^io||c4.A(M'‘))""'‘)• 

Thus we have 

||L(u) - uo\\x < C{f,n,5, A)T. 


By choosing T > 0 sufficiently small, it is not hard to verify that the map L is a contraction 
on p). Then, by the contraction mapping theorem, there exists a unique fixed point of L. 
Thus, the local well-possedness of the modified flow problem (2.5) is established. □ 


3 Positivity of u(t, x) and energy estimates 

We first need to show that the positivity of u is preserved along the flow. From now on, we 
impose some restrictions on initial data, that is Uq G where 

= {wE w > 0, Pg,w > 0} . 

It is easy to know 7 ^ 0 since 1 G in view of the fact = ^^Qgo > 0 due to 
Gursky-Malchiodi’s semi-positivity hypotheses (2.1) or Hang-Yang’s (2.2). 
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Lemma 3.1. Let u be a C^-solution to the nonlocal flow equation (2.3) with u{0,x) = 
uo(x) E C^, then for all 0 < t < T, there hold 

u{x, t) > 0 and u E Cf. 

Proof. A direct computation yields 

d 

„ n-4 ,11+4 

= -Pg^u + 


— Pgo'^- 


Then, we have 


PgoU{t,x) > e Pgfluo) > 0, 


in view of uq E Cf’. Thus, under either Gursky-Malchiodi’s (2.1) or Hang-Yang’s (2.2), the 
strong maximum principle for Pg^ (cf. [14] Theorem 2.2 or [16] Proposition 3.1, respectively) 
gives 

n+4: 

—-— QgU^^ = PgfjU{t,x) > 0, u{t,x) > 0 for all {xfl) E M”' x [0,T]. 


The above fact also implies u E Cf. This completes the proof. 
Consequently, the flow problem (2.3) turns to 

n-\-A 

f = -„ + n=4p-i(a/„„-4); 
m(0,i) = uo e C“; 

where a{t) is given in (2.4). For brevity, let 


□ 


(3.1) 


n-|-4 


and then 




d n — 4 n+i 

— PgoU = -PgoU H- —aju^-i = Pg^ip. 


dt^go- ^90- ■ 2 

4 


(3.2) 


From now on, denote by g{t) = u{t)^-^go the flow metric and dfig = u{t)^-'^diigQ the 
volume form of the flow metric, then Q-curvature equation gives 


n — 4 n+4 

Pgo'^ = —on M”, 


(3.3) 


where Q = Qg is the Q-curvature of the flow metric g{t). Define the energy functionals 


E\v\ = 


n — 4 


Qgdgg= / uPgflu)dn. 


go 


I 


'M" 


'M" 


n — 4 


T anPgo\^u\g^ T fefiRiCj^Q(V m, Vu) T ^ Qgo^ ^dgo 
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and 


By (2.4) and (3.3), we have 


Ef\u] = 


E\u] 


\(n—4)/n' 


= 


(/m- fu--^d^go) 

n — 4 


QdUg 


'M" 


and 


0 = / (a/ - Q)d/ng = 


^ 4 ./m" 




(3.4) 


Along this flow, the energy E[u{t)] is preserved for all time t > 0. 


Lemma 3.2. Along the nonlocal flow (3.1), the energy E[u{t)] is conserved for any time 
t > 0. 

Proof. By the flow equation (3.1) and (2.4), we obtain 

d 


I UFg^UdjJigQ ^ / ^Eggi^Ut^dUgQ 

J M'^ J M'^ 


f M'^ 


72+4 


= 2/ uPgfl -u+^Pg^ {afun-i))dtig^ 


'M" 


= -2 

= 0 , 

whieh implies the desired assertion. 

From Remark 2.2, the flow equation (3.1) is equivalent to 

_A 

Ut = -^Pf\af - Qg)u, 


uPg^ud^tgo — +^Q;(t) / fu^-^dfi^ 


go 




□ 


(3.5) 


that is. 


d 


^-9 = ‘^Pg ^{oif - Qg)g. 

Sinee Pg is self-adjoint and positive, we ean define g) inner produet by 


{vX)g= / VPgCdf^g, 

Jm^ 

whieh induces the i/^-norm || ■ In this sense, the nonlocal Q-curvature flow (3.1) is 

a negative gradient flow of Ef[u] in the Hilbert space E['^{M^, g). Now we pause for a while 
to give some explanations for the nonlocal Q-curvature flow. Up to a positive constant, regard 
Ef[u] as a functional of the metric g'. 


Qfig) = 


Im Qgddg 


IM fddi 
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Set 


Qe = (peg 


satisfying 


= 1 and ^ 

e=o de 


e=0 


= 0 e C'°°(M). 


Notice that Pg is invertible under hypotheses (2.1) or (2.2), we obtain 

Q'(^)[ 0 ]=A lMQ<l>^9dd<Pe9 
'' de 


e=0 




n—4 n—4 

2 d Pg{(p^^ )ddg 


n — Ade 


e=0 


/at f ddg 
Im ^Pg(^)ddg n — 4 


n—4 


Im Qgddg 


Im fddg 

n — 4 


n—4 r\ 

n ^ 


i + l 


iMfddg) " iMf^dgg 


2 

n — 4 


f(pe dg. 


'M 


'-Jm 


(piQg - ctf)dgg 


< M 


fcPidgg) {cP,p-\Qg-af))g. 


Lemma 3.3. Along the nonlocal flow (3.1), the energy Ef[u{t)] is non-increasing for all 
time f > 0. 

Proof. By (3.5) and (2.4), we compute 


d 

dt 


Ef[u] = —(n —4)[ / fu^-^dg. 


2n 


'M” 


^go 


4—n 
n 


afu ^Utdfig 


'M" 


(n — 4fl 


2n 

fu^-^ dg. 


4—n 


I 


go 




^fPg («/ - Q)dgg. 


From (2.2), (3.3) and (2.4), as well as from (3.4), we notice that 
[ QPr\af - Q)dgg = 


I 


n — 4 
2 

n — 4 
2 

n — 4 


Pgflu)uP„ {af-Q)dgg 






Pgoiu)Pgo ((a/ - )dfig^ 


n+4 \ 


(a/ - Q)dgg = 0. 


'Af" 


Thus, we obtain 

d 


dt 


EfM = 


(n — 4f 


I 


(n — 4)" 


2n 

fw^i-^dg. 

2n 

fu'n--‘^dg. 


4—n 


90 


{af -Q)Pg \af -Q)dgg 


' M” 


go 




4—n 
" II D -1 


Pg {(^f Q)\\H2(M",g) ^ 0 - 


This completes the proof. 


□ 
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3.1 Some elementary estimates 


Lemma 3.4. The conformal volume of the flow metric is uniformly bounded above, that is, 
for all time t > 0 , there exists a positive constant Ci depending on n,q{go) and initial energy 
E[uo] such that 



u’-^dpg^ < Cl- 


Moreover, there exists a positive constant C 2 depending on maxM" /, n, q{go) and initial energy 
E[uq], such that 



fu 


2n 
n —4 


dp go < C 2 . 


Proof. By the definition of the Paneitz-Sobolev eonstant q{go) and Lemma 3.2, one obtains 


q{9o) 



2n 

U'^-^dp 


90 


n —4 
n 


< E[u{f)] = E[uo]. 


Thus, it yields 


Moreover, we get 


2n 

U—^dpgo < 


'M" 


r E[uo\ 

^ Qido) 


n 

n —4 


-Cl. 



2n 

fu^-^dpgo < (max/) 



u-^dpgo < {u^^f)Ci := 




This eoneludes the proof. 


□ 


Indeed, we manage to show that a{t) is uniformly bounded below and above, as well as is 
the eonformal volume u{t) ^-‘^dpgo- 


Lemma 3.5. There exist two uniform positive constants C 3 
= C^{n, E[uf\) such that 


0 < Ca < a{t) < Ci- 


Csi^n, maxAfn /, E[uo\) and 


Proof. By the expression (2.4) of a{t) and the eonservation of energy E[u{t)] in view of 
Lemma 3.2 , we obtain 


a{t) > 


E[uo] 

C 2 


■■=C. 


where C 2 is the positive eonstant given in Lemma 3.4. On the other hand, from (3.6) one asserts 
that at < 0, whieh implies a{t) < a(0) := C 4 ,. This eoneludes the proof. □ 


Lemma 3.6. For any fixed time T > 0, there exists a uniform constant C depending on 
n, q{go), max^" / and initial energy E[uq\ such that 

(-^1^) / / i(^f-Q)Pf\(^f-Q)dPgdt= / pPgopdpgodt <C. 

^ ^ ' Jo J M" Jo J 
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Proof. From the flow equation (3.1) and Lemma 3.2, one has 


'M" 


dt 
2n 

n — A 
2n 

n — 4 
2n 

n — A 




90 


71 + 4 


afu^-'^utd^ig^ + at I 


'M" 


'M" 


'M" 


'M” 


90 


rt+4 


afu^-^ 


n + 4 


-u+ ^Pg, (a/w-4) d^ig, + 


2 at 


n — A a 


'M" 


71 + 4 


71 + 4 ^ 


^afu"-'tPg^\afu’--*) - afu^-i d^ig^ + 


2 at 
n — 4 a 


uPg^UdfU/QQ 

E[uo\. 


On the other hand, by the Q-eurvature equation (3.3) and the expression (3.4) of a{t), we have 

/ V^-^50 ‘F^/^50 




'AT" 


u + P-,\^afu^^) 


Tt + 4 


p 


90 




rt+4 ., 


'90 


uPg^u — +^afu^-'^ 


J 

n — A 
^ 2 

n — A / 


dfi 


'90 


'M" 


n—4 


n-t-4 _ 1 ni-4 Z7i 

afu"-'^P (a/M^-4) — a/tt"-4 d^ 


90 


'M™ 


4 P i(a/M— 4 ) - a/w— 4 


Therefore, by the definition of a(t) , we eonelude that 


d f „ _222_ 

0 = ^/ afu^-*dngg = 


2n 


I 

I ipPgg^pdflgg H- E[Uo] 

M" ® 


n — 4Vn — 4 
Integrating the above equation over [0, T] to obtain 

f n — A 

/ / ^Pgo^fdfiggdt = — —£’[Mo](loga( 0 ) - loga;(T)). 


90 9M” 

By Lemma 3.4, it yields 


2n 


(3.6) 


(3.7) 


loga(T) > log 


2 E[uo] \ 
.n — A C 2 / 
for any fixed T > 0. Thus, from (3.7) we eonelude that 

/ / ^P9o‘fdfiggdt < C. 


'0 9M" 


This eompletes the proof. 


□ 


As a byproduet of Lemma 3.6, provided that the nonloeal flow globally exists for all time, 
we obtain 


/ / ifPggipdUggdt < 00 . 

Jo Jm" 

In partieular, there exists a sequence with tj 00 , such that 


‘fitj)Pgo{<^{tj))d^go -^ 0 ,asj ^00 


(3.8) 


(3.9) 


'M" 



























4 Global existence 
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Lemma 4.1. Given any initial data Uq G (7^, there exists a smooth solution to the nonlocal 
Q-curvature flow problem (3. l)-(2.4) /or all time t > 0. Moreover, for any fixed time T > 0, 
there exist two positive constants C and C depending on n, T, / and initial data uq such that 

\\u{t)\\co{M^) < for 0 < t < T. (4.1) 

Proof. Let 6 > 1. From the proof of Lemma 3.1, we obtain that 

u{t,x) > 0 and Pgf^u{t,x) > 0 (4.2) 

as long as the flow exists. Along with this fact, by the equation (3.2) and Lemma 3.5, we have 



(4.3) 


Using Holder’s inequality, we estimate 

0 — 1 n+i 


{Pgo^) — \ I i^go^) dpgQ 


J 

First choose 

By Holder’s inequality, one gets 


'M™ 


fl-i 

e 


i<e < 


n 


'M" 


("+4)e 

U "-4 dpg^ 


89 


u u^-'^dp 


< 


I 


'AT" 


90 


n-49 

nB \ nB 

U—iO dpga 


("+4)9 e 

U "-4 dPgQ 


'M" 


2n 

u^-^dp 


go 


IM” 


By the Sobolev embedding g^) ^ (M”, qq) and the basic fact that 


we obtain 



Thus, together with Lemma 3.4, one obtains 



0 _1 n+4 

u^-^dpg^ < Ce 
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Hence, substituting these above facts into (4.3) and using (4.2) to show 


d 

dt 



Integrating the above over (0, t) to get 



for all 0 < t < T. Again using the Sobolev embedding theorem, one gets 

||ti|| nB < 

II I I 7- TT-TTT / » \ - ^ 




By choosing 9 sufficiently tending to we establish that for any p > 1, there holds 

\\u{t)\\LP{Mr^,go) < 


(4.4) 


Next fix6 = p > j'm (4.3), applying (4.4), Holder’s and Young’s inequalities to estimate 


Jm^ 




Substituting the above back to (4.3) to show 



Along with the Sobolev embedding theorem, integrating the above over (0, t) to get 

ll^(^) llc'’‘(Ar"') ^ ^p\\^go^i^')\\LP(M'^,go) ^ CpC ^ , 

for all 0 < t < T, where A = 4 — ^ G (0,1). Obviously, the above estimate implies (4.1). 
Going back to the flow equation (3.1), through (3.2) and (4.1), we conclude that C^’^-norm of 
u{t) has at most exponential growth in any finite time interval. Therefore, the phenomenon of 
finite time blow-up is excluded and then the global existence of the flow equation (3.1)-(2.4) is 
established. □ 
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5 Asymptotic behaviors 

In this section, we establish asymptotic convergence of as well as the pos¬ 

itivity of Q-curvature of the flow metric. 

Lemma 5.1. Let Uq G C^, then there holds Q{t,x) > 0 for all {x,t) G M" x (0, oo). 
Moreover, under hypotheses (2.1), there holds Rg(t,x) > 0 for all {x,t) G M” x [0,oo). 

Proof. By the positivities of u{t), a{t) and the definition of integrating (3.2) over (0, t) to 
show ^ 

= PgoUit) = Pg^Uo + e'"~^a{T)fu^{T)dT > 0 , 

which implies the first assertion. Next, define 

t* := sup{t G [0, cxo); rnin Rf, t) = 0}. 


Notice that the set on the right side is nonempty under Gursky-Malchiodi’s hypotheses (2.1) . 
We claim that = -|-cxo. Suppose f* < cxo. Since Rg^ > 0 together with the positivity of Q, for 
f G (0, tf we have 


Rg(t) > 0 and 


1 ^ — Anf -f 16n — 16 ^r, 

— - - —^nRn -f --r^TT-— Rf, ^ 0 

2(n-l) ^ ^ 8(n-l)2(n-2)2 ^ 


By applying strong maximum principle to Rg at time f = t*, one obtains that Rg{t^,) > 0 or 
Rg{R) = 0. However, in the latter case, it yields that Q(t*) = ~ („_^ 2)2 ^ 0’ which 

contracts the positivity of Q(t*). Then Rg{tfj > 0, which also contradicts the definition of f*. 
From this, the second assertion follows. □ 


From the positivity of the scalar curvature Rg, we obtain some lower bounds of u{t). 


Lemma 5.2. Under the hypotheses (2.1), there exists a positive constant C depending on qq 
and Rgg such that 



u{t) 


n-2 
n —4 


dpgg 


n — 2 

< Cf inf u(t)) " ^ and 

VM" / 


u{t)’^-*dp 




90 


< 


(7 inf u(t) 

M" 


sup u{t) 

M" 


n+2 
n — 2 


1 


for all f > 0. 


Proof. Under the hypotheses (2.1), by Lemma 5.1 and the scalar curvature equation of the flow 
metnc g = 


4(?7' — 1) . n — 2 n — 2 n+2 

- ^ _ 2 + Rgo'^"~^ = RgU"-'^ > 0 , 

these two assertions follow from Lemma A.2 and Corollary A.3 in [4], respectively. □ 
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Let 


F2{t) = I ifPg^lfdUg^. 


IM'" 


Notice that a{t) is non-increasing with respect to time t > 0 along the flow. More precisely, 
we obtain 

Lemma 5.3. There exists a positive uniform constant C = C{n, max^" /, E[uo\) such that 

2n a 


(y.f — 


n — 4 E[uo] 

Proof. By the equation (3.6) and Lemma 3.5, one has 

2n a 


F 2 {t) < —CF 2 {t) < 0 for t > 0. 


at — 

as desired. 

Lemma 5.4. There holds 


Proof. By (3.1) and (3.2), we have 


n — 4 E[uo] 


E^if) ^ ~CE2{t) < 0 


□ 


lim F 2 {t) = 0 . 

t^OO 


Id f 


TEgoTtdpgQ 


n — 4 „ n+4 n -|- 4 


'M' 


- PgoT + -^atfu^-^ + 2 


afu^-iip^dp, 


^90- 


(5.1) 


By Lemmas 3.4 and 5.3, using Holder’s inequality and Sobolev embedding, we estimate the 
second integral by 


atfu^-'^ipdp 


90 


' M” 


< CF2{t)( / p^-idp 


IM'^ 


'90 


n —4 
2n 


I 


n+4 

‘2n \ 2n 

U-^-idPgg 


< CEfit). 


By Lemmas 3.4 and 3.5, employing Holder’s inequality and Sobolev embedding to bound 


afw^-iip^dp, 


'M" 


'90 


< C{ / / P^-dpg, 

IM'^ ' ^ J 


Thus, by (5.1), we obtain that 


d 

dt 


< CF2{t). 


E2{t)<CE2{t){l + E2{m- 


(5.2) 











By (3.8), there exists a sequenee {tj} with tj —)■ oo as j ^ oo, sueh that 
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lim 7^2 (t,) = 0. 


Set 


H{t) = 


ds 


1 + S2 


= 2 F 2 {t )2 - 2log (l + 7 ^ 2 ( 7 ) 2 ), 


from whieh one has lim H{tj) = 0. Integrating (5.2) over for any t > tj to show 

j^oo 

H{t) <H{tj) + C [ F2{T)dT. 

Jtj 

Letting y —)■ 00 and by (3.9), we have limt_^oo 77(7) = 0. Then we assert that there exists some 
uniform eonstant Cq > 0 sueh that 


7 ^ 2 ( 7 ) < Co for all time f > 0. 

To show this by negation, otherwise there exists a sequenee {tk} with ^ 00 as k ^ 00 sueh 
that F 2 {tk) > 1 for all /c G M. However, 


77(4) = f 
Jo 


ds 


1 + S: 


-ds > 


ds 


'0 1 + s 


-ds > 0 


whieh eontradiets limi_j.oo 7^2(7) = 0. Also it is easy to show 7^2(7) < CoH{t) for all time t > 0. 
Therefore, we eonelude that 


lim ^ 2 ( 7 ) < Co lim 77(f) = 0. 

t—^OO t—^OO 


This eompletes the proof. 


□ 


6 Construction of initial data 

The objeetive of this seetion is to eonstruet some positive initial data satisfying either semi¬ 
positivity hypotheses (2.1) or (2.2), as well as some restrietions on initial energy bounds. Sueh 
initial data are very erueial in establishing sequential eonvergenee of the nonloeal flow in the 
later part. 

Let xq G M'^ be a maximum point of /. It follows from Lee-Parker [22] that there exists 

4 

a eonformal metrie g = with eonformal normal eoordinates around xq. If go is loeally 

4 

eonformally flat, we ehoose g = g^^-‘^go flat near xq. Sinee some estimates and eomputations 
needed in this paper have been available in [14], we mostly adopt the same notation used in [14] 
for simplieity. Set 


1 


= n(n - 4)(n^ - 4), c„ 


2(n - 2)(n - 4)a;„_i’ 
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and 


Ue{x) 


Xsjx) 

{e^ + dg{x,xoy)^' 


where Un-i = vol(S'”“^, and Xsix) is a nonnegative smooth out off funotion supported 

in B 2 s{xo) satisfying xsix) = 1 in Bs{xo) and xsix) = 0 outside of B 2 sixo). For brevity, we 
use V instead of V^. 

A direot oomputation yields the following asymptotics 



0{e-n 






q{S^){l + 0{en). 





Since Pg is invertible under hypotheses (2.2) or by Proposition 2.3 in [14] under hypotheses 
(2.1), we consider satisfying 


PgU 


e 


bne'^Xsjx) 

(e2 + |x|2)^' 


( 6 . 1 ) 


Due to the property of Paneitz-Sobolev constant stated in Lemma 2.1 and Positive Mass 
Theorem (cf. [14] Proposition 2.5 and [19] Theorem 1.1), for technical reasons, we divide the 
construction of initial data into two cases. 


6.1 (M", go) : n > 8 and not locally conformally flat at xq 

Lemma 6.1. Let be a closed manifold of dimension n > 8 and there exists a 

maximum point Xq of f such that Wg^^^Xo) 0. Suppose either the semipositivity hypotheses 
(2.1) or (2.2) holds. Moreover, assume 

Vgo/(xo) = 0 /or 2 < ( < n - 4, (6.2) 

Then for sufficiently small e > 0, there exist a positive function tioe and a positive constant 
Cxo,f,n such that 

a( S^) 

Ef[uoe] < - - -^{1-Cxgje'^l log€\\Wg,{xo)\‘^) if n = 8; 

(maxM" /) " 

a(S'^) 

Ef[uoe] < - - - Cxo,f,ne^\Wgg{xo)\‘^) ifn>9. 

(maxM"/) " 

4 

Moreover, a conformal metric g = go enjoys the property that Qg >9 and positive some¬ 
where. In addition, under assumptions (2.1), the scalar curvature Rg is positive. 

/m" uPgudpg 


Proof. Define 
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From [8] or [12], for sufficiently small e > 0, one has 

:Fg[u,] < g(5")(l-0(e^|loge||VF,o(xo)|')) if n = 8; 

H^e] < q{S^){l-0{e^\Wg,{xo)\^)) ifn>9. (6.3) 


Also, Fg [u^ = FgQ [u^if] by eonformal invarianee of Paneitz operator. Let = u^ — u^. Lemma 
4.3 in [14] gives 


Ve\ < Clog ^ ifn = 8; 
e"' + |xp 

■^el < C{e^ + \x\‘^)^ if n > 9. (6.4) 


The same eomputations in the proof of Lemma 4.4 in [14] yield 



UePgUed^g 



UePgUedfig + 



n+4 

Ue~*V^dfXg + (9(1) 


and 



UePgUed^g 


+ Oe(l)) 



2n 

Ue~* dUg. 


One simple observation is that the eovariant derivatives of / with respeet to metrie 5^0 at xq 
vanish up to order m > 1, then its eovariant derivatives of / with respeet to eonformal metrie g 
of Qq at xq vanish up to the same order. Then, from eondition (6.2), near xq there holds 


f{x) = f{xo) + j^^Vi,...i„_J{xo)x^^ • • • X*" ® + 0{r 
In Bs{xo), from (6.4) there holds < Cu^, then 


n— 2 \ 


2n 

\u. + nJ "-4 


_2u 2 n 

ur - Tur V. 


n — 4 


< Cur^vt 


Putting these faets together, we obtain 


2n 


2n 


/ fue ^dg-g = / f\u, + v,\^-^dfig 

' J 


d Bs{xo) 

= f{xo) 


2n O/^ n4-4 _ 

+ 0{ue~'^vl)]dgg + (9(1) 
^ 2n ^ 


Ue ’ H- -Ue *Vf: + 0{Ue ^ V^) jdjXg + (9(1) 


n — 4 I —4^, | —4^,2 

-Bs{xo) ^^-4 

/* / 2n Of) n+4 8 

+ / (9(|xr-3)(«r" + — -ur^v, + o{ur^v^^))dg 
Jb, V n - 4 


Now we set = ipii^. Combining the above estimates and the following asymptoties 



n+4 

Ue~'^V^djJig = 



Ue ^v'^dfig 



(9(e '‘I loge|) if n = 8; 

(9(e^-^) if n > 9; 

(9(1 logep) if n = 8; 

(9(e®“") if n > 9; 










20 


\x 


2n 

n — 3^, n — 4 


Ue *dfig = 0{e ^); 


'M" 


'M" 


I in-3 j j 0(1 log e| 

\x\ -^Ue vj^l-g = I 


8 

\x\'^~^Ue~‘^V^dHg = 


I 


0(1 loge| 

^ ^ 0 ( 1 ) 


if n = 8] 
if n > 9] 

if n = 8; 
if n > 9; 


we conclude that 

Ef[uOe\ = 


J]^n UePgUedfig 


^dfli 


J-g [tte] 


n+4 


1 + 


Sj^n PedfJ'g 

Sm'^ 


+ Os(e^) 


(max^n /)■ 


1 + 


n+4 

2n Ped^g ^ Jm'^ Oj'^e Pe)^f^g 


n-4 ^ 

Jm'^ '^€ d^g 


Eg [Ue] 


1 + 


Sm'it- “e '^f^g 

n+4 

2 fj\^n '^e Vedflg 


+ Osie^-^) 


+ OsiP 


( 1 + 0 £( 1 )) Jj^n dfl. 


(maxM" /)’ 


1 + 


n+4 

2n Jm’^ ftdgg ^ / m ” _|_ 


n-4 ^ 

JM" “^9 


+ 0^(6" 


Sm'^ “e d,gg 


Eg[Ue\ 


1 + 05(e™"{8,n-3}^ 


(6.5) 


(maxAfn/) - 

From (6.5), (6.3) together with the above estimates, we conclude the first assertion. 

By equation (6.1) and conformal invariance of Paneitz operator, one has 

PgoiUoe) = Pg{u,)ip'^ = 1^ |2^i+4 > O' 

(e^ + \xy) 2 

Together with Qg^ > 0 not identically zero, under either Gursky-Malchiodi’s hypotheses (2.1) 
or Hang-Yang’s (2.2), the strong maximum principle for Paneitz operator (cf. [14] Theorem 2.2 
or [16] Proposition 3.1, respectively) shows that Uq^ > 0 and then > 0. Again by conformal 
invariance of Paneitz operator, the identity 


n+4 

- Qg = Uq^ Pg^{UQ^ 


hne\5{x) 


(e2 + |a:|2)^ 


+4 


which implies that Qg > 0 is not identically zero.The positivity of Rg under hypotheses (2.1) 
follows from Lemma 4.6 in [14]. This completes the proof. □ 

6.2 (M", go) : n = 5, 6, 7 or n > 8 locally conformally flat 

Lemma 6.2. Let (M”, g^) be a closed manifold of dimensions n = 5,6,7 or locally confor¬ 
mally flat. Suppose either the semi positivity hypotheses (2.1) or (2.2) holds. Let f be a smooth 
positive function on M"^. Moreover, for n > 5, let xq denote a maximum point of f, assume 

if n = 6, VlJ{xo) = 0; 


( 6 . 6 ) 















21 


if n = 7, W^gjixo) = 0 /or 2 < / < 3; (6.7) 

if n > 8 and go is locally conformally flat, Vgg/(xo) = 0 for 2 <l <n — A. (6.8) 


Then for sufficiently small e > 0, there exist a positive function uoe and a positive constant 
Cxo f n such that 

q{s- ) ^ ^ 

(maxM" 

Moreover, a conformal metric g = go enjoys the property that Qg > 0 and positive some¬ 
where. In addition, under assumptions (2.1), the scalar curvature Rg is positive. 


fY 


^xoJ,n^ 


Ef[uOe\ < 


Proof. We set uoe = Let Gg{xo, ■) denote the Green’s funetion with pole at xq, from the 
Positive Mass Theorem for Paneitz operator in dimensions n = 5, 6, 7 (of. [14] Proposition 2.5) 
or (M”, go) is looally oonformally flat (of. [19] Theorem 1.1), Gg(xo, •) has the expansion of 


^^(xo, x) = Cndg(xo, x)^ '^ + 01x0 + 0{r), 


where r = dg{xo, x) and axg > 0 is the mass. 

Remark 6.1. In the latter case, just as pointed out by Humbert-Raulot in their paper [19], 
under the assumptions of our Theorem LI, the condition “(M", go) is locally conformally flat” 
can not be weaken to “go is conformally flat around one (maximum) point xq ”, since their proof 
of Positive Mass Theorem for Paneitz operator involves the standard Schoen-Yau ’s Positve Mass 
Theorem [25 [ for conformal Laplacian. We wonder whether some more restrictions on Weyl 
tensor at some maximum point of f will be helpful to construct initial data in this case or not, 
for instance, just like the one in [18[ for scalar curvature case. 

Let fj = ^, then applying the eomputations on page 36 in [14] together with oonformal 
invarianoe of Paneitz operator to show 

/ U^PgU^dpg 

J 

/ r 2n r 71+4 \ 

= / ur‘'dpg + f3{l -9 o{l)) / ur^'dpg + 0(1)]. 

^ Jm” J^ 

2n ^ 

It remains to estimate fu[~'^dpg. For some 0 < 5 << 5, a out-off funetion ^^(x) may 
similarly defined as ^^(x) before. Set 

Ue = XsiUe + ^) + {l- Xs)Gxo With Gx^ = \ 


and rewrite u,, as 


Ue = Xsi'^e + /?) + (!- XY^XO +Ue- +. 


Sinoe in B^(xo), [3 is bounded by u^, we have 



2n 

f))^-‘idpg 
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r _ 2 n_ 2n r 2+4 r _i_ 

= / u^'^dug-l - -/3 / Ue~‘^d^g + 13“^ / + 0 ( 1 ), 

n — 4 J J 

2n 

For this purpose, we estimate fu^~'^d^g and also -E'/i^oe] by dividing into two oases, 
(a) In dimensions n = 5, 6, 7, from oonditions (6.6) and (6.7), in a neighborhood of Xq there 
holds 

f{x) = f{xo) + (;^Vii...i„_ 3 /(xo)x*i • • • + 0{r^-^). 

Then, together with 

\u, - Ue\ = 0 ^( 1 ) 

in view of Lemma 5.3 in [14], we estimate 


2n 

fiir^d^ig 




'Bg{xo) 


/(m, + /3)"-4d/ig + 0(1) 


'^S(xo) 


{f{xo) + (;rz 3 )TVii...i„_ 3 /(xo)x*i • ■ + 0(r” )){u, + /3)^-^dfig + 0(1). 

) 

Sinee (3 < Cu^ in Bg{xo), then 

7—^T7 / Vi,...i^_J{xo)x^^ ■■■x^^-^{u, +^)^dfig 

[n- 6)\ JBg(xo) 

= 0(1) [ \x\'^~^{u^ + /3)^dfig 

JBgixo) 

r f 2r? r 2+4 

= 0 ( 1 ) / \x\'^~^u^~'^dfig-\ -/? / \x\'^~^Ue~'^dfj.g 

' n — A ' 


+/3^ I 0(|xr-V~)d/r5 + 0(l) 


'M" 


! 


In partioular, for dimension n = 5, more preeisely we have 


if 

^ JBgixo) 

1 


Vijf{xo)x"x^{u^ + l3)^-idfig 


2n 


Af{xo) / \xWue + l3)^-idfj,g 

JBgixo) 


1 r /* 277, /* ti+4 

= —Af{xo) / H- -(3 / 

2n L ^ n - 4 ' 


'M” 


+/3 / 0(|a:| Me" '‘)dyUg + 0(l) 


'M" 


and the following asymptoties hold 


2rt 


= 0(e-^); 


'M" 
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ti+4 

x\"'~^Ue~^ dUg 





0(e“^) if n = 5; 

0(e“^) if n = 6; 

0(1 loge|) if n = 7; 

0{e~^) if n = 5; 

0(1) ifn = 6,7. 


Therefore, putting these faets above together, we obtain 


Ef[uOe\ 

Im" UePgUedflg 

2n 


/ 2n 

bne^[fM^ ur^dfii 


1 + /3(1 + 05 ( 1 )) 


71 + 4 

/m" I f ^r, 

-37;-r + 

fun “e 


(max^n /) 

q{S-) 

(maxM" f)^ 


71 — 4 


n+4 
. 71 — 4 , 


1 + ^ 05(e^-3)) 


n+4 


(1 - / 3 (i + o(i)) ^^"“!l + 05(6"-^)). 


(6.9) 


(b) In dimension n> 8 and (M”, g^) is loeally eonformally flat. From eondition (6.8), near 
xo, there holds 


f{x) = /(xo) + (;^Vii...i„_3/(xo)x*i • • • x*"-3 + 0(+ 2). 

Together with the asymptoties 


/ |x|” ^d^g = 0(e '^), / 


n+4 

|x|n-3.yn-4^^_ = 0(1) 


xP '^dg-g = 0(1), 


'M" 


also a similar argument as in (a) yields 

Ef[uOe] 

/m" 'dePg'ded^g 


iMufUe 


2n 

KeH ur^dfig 


n+4 

l + /3(l + o,-(l)) ^^""C 

/m" “7 '^1*9 




(maxA^n /) 

g(>g^) 

(maxAf" f)^ 


n —4 


n+4 


1 + + c>5(e- 


-3' 


n+4 


/m" “<! *^^9 


!-/?(! + o(l)) ^^""!l + 05(6"-=')). 

/m" 


( 6 . 10 ) 
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In conclusion, for dimensions ?7, = 5,6,7orn>8 and (M"^, go) is not conformally flat near 
xo, we eonelude from (6.9) and (6.10) that 


Ef[UOe] 


q{S^) 


(maxM- /) 


n —4 
n 


{1-0(0). 


The proof of the remained assertions is the same as in the proof of Lemma 6.1. □ 


7 Sequential convergence of the nonlocal Q-curvature flow 

In this seetion, we finish the proof of Theorem 1.1 by showing the time sequential eonver- 
genee of the nonloeal Q-eurvature flow (2.3)-(2.4) to a positive solution of Q-eurvature equation 
(1.3). 


Proof of Theorem 1.1. 

Under the assumptions of Theorem 1.1, using initial data whieh are eonstrueted in Lemmas 
6.1 and 6.2, in both (a) n = 5, 6, 7 or (M", go) is loeally eonformally flat, and (b) n > 8, Weyl 
tensor at Xq is nonzero oases, we obtain 


Ef[uo] < 




(maxM" /) 


Tt —4 
n 


~ ^0, 


for some small Cq > 0. Then by Sobolev inequality on compaot manifolds, for any given 5 > 0 
one has 


u(t) 


'M" 


go 


< {q{Sn-^ + 6) u(^)P,„u(^)d^3„ + C'(M^5) / u(f)>,„) 


'M™ 


'M" 


2n 


< {q{S^)-^ + 6)Ef[uo][l fu{t)—^dfXg,] +C{M-,S) I u{tYdgig, 

< (g(S'’^)"^ + (5)(max/)’" ^ ^ „_4 - Cq 


M" 


. (maxJ^^ n /)■ n 


J 

2n 

u{t) ^-idg, 


'M" 


'90 


+C{M'^,5) / u{tfdg 


90 




By ehoosing 5 = we obtain 


'M" 


u{t)^dfigQ >C{ / u{t)^-'^diii 


'M" 


> Cn > 0 


(7.1) 


where we have used the uniform boundedness of the volume of the flow metric by Lemma 3.5. 

From Lemmas 3.2, 5.3, 5.4 and Hardy-Littlewood-Sobolev inequality on oompact mani¬ 
folds, there exist sequenoes of {tk} with ^ oo as k ^ oo and {uk = u{tk, •)}> such that up 
to a subsequence as A: —)■ oo 


^ ®oo) 
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Uk ^ Uoo weakly in H'^{M^,go) and strongly in L^{M^,go); 

ti+4 

-Uk + ^aooP~\fu;:-'')0 strongly in H‘^{M'^,go). 

Thus, it also yields u^o > 0 and u^o is a strong solution of 

n + 4 

Moo = ^aooP~^{fuS^''). 

By the regularity theory of elliptic equations, one has 

71 + 4 

PgoUoc = ^aoo/MS7^ 

Thanks to the estimate (7.1), the strong maximum principle (cf. [ 1 4] Theorem 2.2 or [ 1 6] Propo¬ 
sition 3.1, respectively) yields Uqo > 0. Therefore, we conclude that up to a positive constant, 

4 

the (5‘Curvature of a conformal metric uS^^go is equal to /. This completes the proof of the 
main Theorem 1.1. □ 

Notes added after submission. 

1. After a previous version of this article has been submitted to a journal, the author real¬ 
ized that some arguments of a recent paper [16] are concerned with the left case mentioned in 
Remark 1.2 or Remark 6.1. 

2. A former Phd student of Professor Xingwang Xu, Hong Zhang emailed me for his con¬ 
tribution of this work without attaching his article on 9 January 2015. Some more comments 
will be given by me only after I see his article of the work of nonlocal Q-curvature flow. 
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